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Abstract

We have analyzed various types of complex calcium oscillations. The oscillations are explained with a model based
Ž . 2�on calcium-induced calcium release CICR . In addition to the endoplasmic reticulum as the main intracellular Ca

store, mitochondrial and cytosolic Ca2� binding proteins are also taken into account. This model was previously
proposed for the study of the physiological role of mitochondria and the cytosolic proteins in gene rating complex

2� � � 2�Ca oscillations 1 . Here, we investigated the occurrence of different types of Ca oscillations obtained by the
model, i.e. simple oscillations, bursting, and chaos. In a bifurcation diagram, we have shown that all these various
modes of oscillatory behavior are obtained by a change of only one model parameter, which corresponds to the
physiological variability of an agonist. Bursting oscillations were studied in more detail because they express
birhythmicity, trirhythmicity and chaotic behavior. Two different routes to chaos are observed in the model: in
addition to the usual period doubling cascade, we also show intermittency. For the characterization of the chaotic
behavior, we made use of return maps and Lyapunov exponents. The potential biological role of chaos in
intracellular signaling is discussed. � 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Many processes in excitable as well as in non-
excitable cells are controlled by the oscillatory
changes of cytosolic calcium concentration. Cal-
cium oscillations were found experimentally in

� �the 1980s 2,3 , and numerous experimental works
have confirmed their important physiological role

� �in cell signaling 4,5 . To explain the mechanism
of Ca2� oscillations, many theoretical studies have

�� � � ��been carried out 6�15 ; for review see 4 . It is
widely agreed that the endoplasmic reticulum
Ž .ER represents the main calcium store, which
plays a predominant role in generating the intra-
cellular Ca2� oscillations. In some theoretical
studies, other intracellular Ca2� stores were also
considered. Most often the Ca2�-binding cytosolic
proteins are included in the models explaining

2� � �Ca oscillations 12�17 . Recently, it has become
more and more clear that mitochondria also play
an important role in intracellular calcium signal-

Ž � �.ing for example, cf. 18 . Surprisingly, in compar-
ison to the huge number of experimental evi-
dences about mitochondrial importance in

� �intracellular calcium signaling 18�30 , rather few
� �theoretical studies take it into account 6,13,31,32 .

Most theoretical works explaining the mecha-
nism of Ca2� oscillations are concerned with sim-
ple Ca2� oscillations, i.e. oscillations that have
the form of sharp spikes with a constant ampli-
tude and a well defined frequency. However, in
experiments, very often more complex forms of

Žcalcium oscillations can be observed as well for
� �.review, see 33 . The most usual type of such

complex oscillations is represented by a periodic
succession of a silent, relatively quiescent, and an
active phase, during which the system exhibits
rapid oscillations. This type of oscillation is called
bursting and is better known in the case of electri-

Ž � � � �.cal bursting e.g. 34 ; for review see 35 . The
mathematical analysis of a model bursting neuron
R15 in Applysia originally proposed by Canavier

� � � �et al. 36 has been carried out by Butera 37 . He
considers a model of four variables. Two of these
variables operate on a time scale much slower
than the remaining ones, which allows the em-
ployment of a geometric approach, introduced by

� �Rinzel and Lee 38 , to explain the origin of
bursting and multirhythmicity.

In the field of intracellular calcium signaling,
bursting is studied to a lesser extent. Firstly, the
theoretical analysis of a mechanism for bursting
Ca2� oscillations has been carried out by Shen

� �and Larter 39 . A more detailed study of differ-
ent mechanisms explaining the complex Ca2� os-
cillations in non-excitable cells have been given

� �by Borghans et al. 33 and further mathemati-
� �cally analyzed by Houart et al. 40 . Another

model revealing bursting oscillations was pro-
� �posed by Kummer et al. 41 . Usually, the mecha-

nism explaining the complex Ca2� oscillations is
related to the open fraction of the Ca2�-release
channels in the ER. In some approaches, this is
explicitly the consequence of changes in InsP3
production, which has a direct influence on the
opening probability of the InsP -sensitive calcium3

� � � �channels in the ER 42 . In a previous paper 1 ,
we have proposed another mechanism for the
generation of complex intracellular calcium oscil-
lations based on calcium exchange between dif-
ferent Ca2� stores in the cell. In addition to the
ER as the main intracellular Ca2� store, Ca2�

sequestration in the mitochondria and Ca2� bind-
ing to cytosolic proteins are taken into account.

The aim of the present study was to analyze in
more detail the occurrence of various types of
complex Ca2� oscillations. We used the model
that was previously proposed for the study of the
physiological role of mitochondria and cytosolic
proteins in generating complex Ca2� oscillations
� �1 . The model offers a good opportunity for the
mathematical analysis of complex Ca2� oscilla-
tions because it leads to a large number of dif-
ferent oscillatory modes. In addition, the whole
spectrum of the different types of complex Ca2�

oscillations was obtained by changing only one
model parameter, which corresponds to physio-
logical variations of extracellular agonists such as
hormones or neurotransmitters. Thus, it is rather
suggestive to use this quantity as a bifurcation
parameter in the mathematical analysis. It was
demonstrated that a single bifurcation diagram
suffices to show many various types of complex
Ca2� oscillations, from simple oscillations to
bursting and chaos.
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Bursting Ca2� oscillations are focussed on in
particular, because they appear in different forms,
from simple to folded limit cycles and chaos. All
different types of bursting oscillations show a
number of common properties. The amplitudes of
cytosolic calcium concentration remain almost
constant over the whole range of the bifurcation
parameters, even in the chaotic mode. Further,

Žthe oscillation frequencies which, in the case of
folded or chaotic oscillations, have to be under-
stood as average frequencies, with respect to the

2�.main peaks of cytosolic Ca remain similar for
slight changes of the bifurcation parameter, no
matter if there is a bifurcation between them.
The system shows birhythmic and trirhythmic be-
haviors. Here, we have used these terms to ex-
press that two and three different limit cycles,
respectively, may occur at the same value of the
bifurcation parameter. This has to be distin-

( )guished from the more general bi- tri- stability:
Ž .the coexistence of two three stable solutions,

where typically one solution is in equilibrium and
Ž . Ž .the other s is are periodic. These limit cycles

differ slightly in their forms and are, in part, also
differently folded. Chaotic behavior is obtained in
several separated intervals of the above men-
tioned bifurcation parameter. It is characterized
by calculating the largest Lyapunov exponent. Two
different transitions to the chaotic regimes have
been found. In addition to the most typical period
doubling cascade, this is the so-called intermittency
route to chaos.

In Section 2, the mathematical model is shortly
introduced with a schematic presentation and the
complete set of model equations and parameter
values. Section 3 contains the mathematical anal-
ysis of the various types of complex Ca2� oscilla-
tions. First, the occurrence of the different oscil-
latory modes is presented by a bifurcation dia-
gram and, subsequently, the phenomena of burst-
ing, birythmicity, trirhythmicity and chaotic Ca2�

oscillations are studied in some more detail. In
Section 4, the results and model predictions are
evaluated and compared with experimental data
and other theoretical works in the field. At the
end, the potential biological role of complex Ca2�

oscillations and, in particular, the hypothetical
physiological importance of chaotic Ca2� oscilla-
tions in intra- and intercellular signaling is dis-
cussed.

2. Model

We used the model system that we have previ-
ously proposed for studying the physiological role
of mitochondria and the cytosolic proteins in gen-

2� � �erating complex Ca oscillations 1 . Here, we
present a summary of the relevant processes and
the model equations. The model is shown
schematically in Fig. 1. It describes the exchange
of calcium between the cytosol and three differ-
ent calcium stores: the ER, mitochondria, and
calcium binding proteins in the cytosol. Calcium

Fig. 1. Schematic presentation of the model system.
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fluxes through the cell membrane are neglected.
Between the cytosol and the ER, three different
calcium fluxes are considered: ATP-dependent
calcium uptake from the cytosol into the ER
Ž .J and calcium leak flux from the ER intopump

Ž .the cytosol J are both taken as linear func-leak
tions. The calcium flux from the ER into the

Ž .cytosol J follows the calcium-induced calciumch
Ž .release CICR mechanism. This positive feed-

back is taken into account by a sigmoid depen-
dency of the flux rate with respect to the cytosolic
calcium concentration. Mitochondrial calcium is
increased by active calcium uptake from the cyto-

Ž .sol by mitochondrial uniporters J . Due to ex-in
perimental evidence, the uniporters are taken as
an ‘almost stepwise’ function of Ca . From thecyt
mitochondria into the cytosol, we consider a very

Ž .small non-specific leak flux J , which is takenout
as a linear function of Ca . Further, we includem
calcium release into the cytosol through
Na��Ca2� exchangers combined with a flux
through mitochondrial permeability transition

Ž .pores PTPs in a very low-conductance state.
There is little evidence for this mechanism
� �24,43,44 , and the quantification of the parame-
ters is difficult. We included this term for the
sake of generality. Exchanging it for a linear term
with a suitable constant does not alter the model
predictions.

Two conservation relations for the total cellular
Ž .calcium concentration Ca and the total con-tot

Ž .centration of bound and unbound proteins Prtot
are applied:

Ž .Pr �CaPr�Pr 1tot

� �ER m Ž .Ca �Ca � Ca � Ca �CaPr . 2tot cyt ER m� �ER m

Here � and � represent the volume ratioER m
between the ER and the cytosol and between the
mitochondria and the cytosol, respectively. As-
suming very fast unsaturated buffering of Ca2� in
the ER and mitochondrial compartments, we use
constant factors � and � for relating theER m
concentrations of free calcium in the ER and the
mitochondria to their respective total concentra-

tions. This reduces the number of variables from
five to three, describing the free concentration of

Ž .calcium ions in the cytosol Ca , in the ERcyt
Ž . Ž .Ca , and in the mitochondria Ca . DenotingER m
the concentration of free Ca2� binding sites on
the cytosolic proteins by Pr, the concentration of
bounded Ca2� binding sites on the cytosolic pro-
teins by CaPr, the model equations read:

dCacyt �J �J �J �J �Jch leak pump out ind t
Ž .�k CaPr�k Ca Pr 3� � cyt

dCa �ER ER Ž . Ž .� J �J �J 4pump ch leakd t �ER

dCa �m m Ž . Ž .� J �J 5in outd t �m

The different fluxes are given as:

Ca2
cyt Ž . Ž .J �k Ca �Ca 6ch ch ER cyt2 2K �Ca1 cyt

Ž . Ž .J �k Ca �Ca 7leak leak ER cyt

Ž .J �k Ca 8pump pump cyt

Ca2
cyt Ž .J � k �k Ca 9out out m m2 2ž /K �Ca1 cyt

Ca8
cyt Ž .J �k 10in in 8 8K �Ca2 cyt

Model parameters used in our calculations are
listed in Table 1. Most of the parameter values
are taken from measurements reported in the
literature. For more detailed discussions the

� �reader may consult our previous papers 1,12�14 .

3. Results

Ž . Ž .The model Eqs. 1 � 10 were integrated
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Table 1
Model parameters for which all results are calculated unless otherwise stated

Parameter Value

Total concentrations
2�Ca total cellular Ca concentration 90 �Mtot

Pr total concentration of cytosolic proteins 120 �Mtot

Geometric parameters
� volume ratio between the ER and the cytosol 0.01ER
� volume ratio between the mitochondria and the cytosol 0.01m

2� 2�
� ratio of free Ca to total Ca in the ER 0.0025ER

2� 2�
� ratio of free Ca to total Ca in the mitochondria 0.0025m

Kinetics parameters
2� �1k maximal rate constant of Ca channels in the ER membrane 4100 sch

�1k rate constant of ATP-ases 20 spump
2� �1k rate constant of Ca leak flux through the ER membrane 0.05 sleak

�1k maximal rate constant of uniporters in the mitochondrial membrane 300 �M sin
2� 2� �1�k maximal rate for Ca flux through Na �Ca exchangers and PTPs 125 sout

�1k rate constant of the non-specific leak flux 0.00625 sm
2� �1 �1k on rate constant of Ca binding to proteins 0.1 �M s�

k off rate constant of Ca2� binding to proteins 0.01 s�1
�

2�K half saturation for Ca 5 �M1
2�K half saturation for Ca of uniporters in the mitochondrial membrane 0.8 �M2

numerically for fixed parameter values listed in
Table 1. In the various simulations, only the
parameter k , the rate constant of the Ca2�

ch
channels in the ER membrane, is changed. This
quantity depends significantly on external stimuli,
which makes it a good candidate for bifurcation
analysis, because it is accessible through experi-
ments. The oscillatory regime extends from k �ch
473 s�1 to k �4603 s�1. In Fig. 2, the timech
courses of Ca and Ca are illustrated for threecyt m
examples of these oscillations: simple spike-like
oscillations at k �1100 s�1, two different modesch
of bursting oscillations at k �3500 s�1, achievedch
by using different initial values. Note that the
maxima of Ca are nearly identical. In contrast,cyt
the maxima of Ca differ much more.m

In Fig. 3 the bifurcation diagram for a part of
Ž �1the oscillatory region k �1800 s to k �ch ch

�1 .4100 s is presented. In the diagram, we show
only the maxima of mitochondrial calcium con-
centration Ca . We chose this variable in favor ofm
the cytosolic calcium concentration Ca , be-cyt
cause the amplitude of the latter remains almost
the same, at different values of k as well as atch

different phases of the complex oscillations ana-
lyzed. For small values of k simulation leads toch
simple spike-like oscillations. At k �1800 s�1

ch
the system shows, in addition to the spike, slight
variations of cytosolic calcium on top of a plateau
level, which initiates the transition into the regime
of bursting oscillations, which extends until k �ch
4500 s�1, where a transition back to simple oscil-
lations takes place.

In this work, we have concentrated on bursting
calcium oscillations. In part A of the bifurcation
diagram, these oscillations occur only as simple
limit cycle oscillations, here called simple bursting.
In contrast to simple spike-like oscillations, in this
case the well-expressed main maximum of cyto-
solic Ca2� is followed by several maxima of lower
amplitude. Note that in this case, only the main
maxima are plotted in Fig. 3. Further intervals of
simple bursting include parts C and E.

A more complex form of bursting oscillations
corresponds to double folded limit cycles. An
example of this oscillatory mode occurs in regime

Ž .B cf. inset I of Fig. 3 . The two crosshatched
lines represent two main Ca maxima of them



( )T. Haberichter et al. � Biophysical Chemistry 90 2001 17�3022

2� Ž . �1 Ž . �1Fig. 2. Time courses of cytosolic Ca concentration. a k �1100 s , c k �3500 s , unfolded solution for initial conditionsch ch
Ž . Ž . �1 ŽCa �0.1 �M, Ca �1.0 �M, Ca �0.65 �M , e k �3500 s , folded solution for initial conditions Ca �0.1 �M,cyt ER m ch cyt

. Ž . Ž . Ž . 2�Ca �1.0 �M, Ca �1.0 �M . b , d , and f represent the respective time courses of mitochondrial Ca .ER m
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folded limit cycle, which consists of two similar
parts of the full trajectory, called bursting cycles.
Note that the full line corresponds to simple
bursting oscillations, which occur in the same
region. The complexity of bursting oscillations
grows with a further folding of the limit cycle. In

Ž .the middle of part G c.f. inset II of Fig. 3 the
system exhibits five-times folded limit cycles,
which is demonstrated by five lines representing
the five main Ca maxima of the five burstingm
cycles, appearing within one single limit cycle.

In certain parts of the bifurcation diagram, for
example in part D between k �2780 s�1 andch
k �2980 s�1, and in part G, between k �3598ch ch
s�1 and k �3636 s�1, with several interrup-ch
tions, the bursting calcium oscillations exhibit
chaos. Period doubling cascades lead to the
regimes of chaotic behavior in some parts of the

bifurcation diagram. One example of such a tran-
sition can be realized in inset II at approximately
k �3600 s�1. In some other parts of the dia-ch
gram, e.g. at the threshold between parts D and
E, another transition to chaos can be observed.
This is referred to as intermittency route to chaos,
which will be discussed below. For values of the
bifurcation parameter exceeding those of part G,
frequent changes between simple and folded limit
cycles occur with chaotic regimes in-between. In
Fig. 3 this is only shown up to k �4100 s�1.ch

Another dynamical feature of the system is
characterized by an occurrence of two different
limit cycles at the same value of the bifurcation
parameter. This phenomenon is referred to as
birhythmicity. In Fig. 3, we show such an occur-
rence of birhythmicity in the parameter range

�1 �1 Žbetween k �1968 s and k �2456 s partch ch

Fig. 3. Bifurcation diagram, showing the main maxima of Ca for k between 1800 and 4100 s�1 . Simple bursting oscillationsm ch
appear in parts A, C and E, birhythmicity in parts B and F, trirhythmicity in part F�, and chaos in parts D and G. In the cases of
multirhythmicity, additional limit cycles are represented by crosses. Inset I shows the maxima of the stable and unstable limit cycles,
which occur through a saddle node bifurcation in part B. Inset II is a detail magnification of part G.
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.B . Note that in this case, one of the limit cycles
is double folded. Its two main maxima are repre-
sented by the crosses in part B of Fig. 3. The
maxima of the unfolded limit cycles appear as a
continuous line.

Also in part F of the bifurcation diagram,
between k �3120 s�1 and k �3534 s�1, wech ch
get two different limit cycles for the same bifurca-
tion parameter value. Additionally, in the subre-
gion between k �3225 s�1 and k �3480 s�1

ch ch
Ž .part F� , a third limit cycle occurs for another set

Ž .of initial conditions trirhythmicity . One of them
is unfolded, the other two limit cycles are double
folded, so one continuous line and two pairs of
crosses are plotted in the diagram.

3.1. Bursting

The bursting oscillations of cytosolic calcium
concentration obtained by our model give a good
reproduction of the typical experimental observa-

Ž � �.tions cf. 33 . They are characterized by a sharp
rise to a high level of Ca , followed by the activecyt
phase, in which the concentration of cytosolic
calcium oscillates at an intermediate calcium level,
with higher frequencies and lower amplitudes
compared to the whole cycle. After an intermedi-
ate silent phase, the peak is reached again. This

� �has already been presented in 1 . Let us now
explain the occurrence of the active phase by
considering one example of a simple limit cycle at
k �3500 s�1, of which the time courses of Cach cyt
and Ca are depicted in Fig. 2c,d.m

As can be seen in the stated figures, Ca de-m
clines with an almost constant rate during the
active phase. At the same time, all other variables
oscillate, i.e. they produce the activity. With the
objective of understanding the system behavior
during the active phase, it seems to be suitable to
consider a reduced two-dimensional system in
which the non-acti�e variable Ca is turned intom
a parameter, although this method is not strictly

Žjustified as it is in the example of Rinzel et al. cf.
� �.45 . Also in contrast to the example of electrical

� �bursting analyzed by Butera 37 , in which the
reduced model can predict bursting behavior a
priori, here we can employ it to give an a posteri-
ori explanation.

Fig. 4. Bifurcation diagram of the reduced two-dimensional
system at k �3500 s�1 , in which Ca is treated as bifurca-ch m

Ž .tion parameter. Unstable dashed line and stable steady
states, as well as maxima and minima of limit cycle oscillations
are depicted. HB stands for Hopf bifurcation. The closed line
represents the unfolded limit cycle trajectory of the complete
system. The respective time courses of Ca and Ca arecyt m
those depicted in Fig. 2c,d.

The bifurcation diagram of this reduced system
is depicted in Fig. 4. In addition to the stable and
unstable steady states of Ca , the maxima andcyt
minima of the oscillatory solutions are plotted. In
the same diagram, a projection of the limit cycle
trajectory of the complete system is shown. The
Hopf bifurcation at Ca �0.822 �M is almostm
identical to the critical borderpoint between stable
steady state behavior at higher Ca and stablem
limit cycle behavior at lower Ca .m

In the reduced model, a Ca higher than them
critical value results in a stable focus, i.e. the
trajectory shows oscillations of declining ampli-
tudes. In a similar way, damped oscillations of all
variables excluding Ca are observed while Cam m
is high. As soon as Ca gets below the Hopfm
bifurcation point, the stable focus becomes un-
stable and the amplitude of Cacyt grows and
reaches the limit cycle amplitude of the reduced
system.

3.2. Birhythmicity and trirhythmicity

For a given value of k within parts B and Fch
Ž .of the bifurcation diagram Fig. 3 , the model
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Fig. 5. Birhythmicity: folded limit cycle obtained by the same
set of parameters, but different initial conditions than in Fig.
4. The respective time courses of Ca and Ca are thosecyt m
depicted in Fig. 2e,f.

system has more than one attractor. The trajec-
tory tends to one of them, depending on the
initial conditions. In the case of two attractors
this phenomenon is called birhythmicity. For ex-
ample, the limit cycle for k �3500 s�1 illus-ch

Ž .trated in Fig. 4 see also Fig. 2c,d , is reached only
if the simulation is started with certain initial
conditions. For other initial conditions the system
is attracted by the folded limit cycle shown in Fig.
Ž .5 see also Fig. 2e,f .
The folded limit cycles, which exist in the cited

intervals of the bifurcation diagram in addition to
other limit cycles beyond those intervals, appear
in a process which is similar to a saddle-node
bifurcation in the case of stationary states, where
a stable node and a saddle point appear simulta-
neously. Here, a stable and an unstable limit cycle
appear. In inset I of Fig. 3, the stable folded limit
cycles appearing in part B of the bifurcation
diagram are represented by their largest maxima
Ž .filled circles . Note that the secondary peaks,
which additionally appear in the bifurcation dia-

Ž .gram see the main part of Fig. 3 , are not repre-
sented in the inset. The maxima of the unstable
limit cycles, which appear the same time, are
depicted as open circles.

From the mathematical point of view, the
phenomenon of trirhythmicity can also be ex-

plained in an analogous way as the emergence of
birhythmicity. It stands for the case of a coexis-
tence of three different limit cycles that may
attract the trajectories of the system. An example
of this has been found in part F� of Fig. 3. It
should be stressed that further stable solutions of
the model system might be found for any value of
the bifurcation parameter k . Hence, it is hardch
to complete the bifurcation diagram.

3.3. Chaotic bursting Ca2 � oscillations

There is a number of intervals for the bifurca-
tion parameter in which the system shows chaotic
behavior. With parts D and G, we have denoted
the most extended ones. Inset II in the bifurca-

Ž .tion diagram Fig. 3 shows a magnification of the
latter part. The chaotic behavior is characterized
by a positive value of the largest Lyapunov expo-
nent, e.g. for k �2950 s�1 it has been quanti-ch
fied as ��0.014 s�1. This has to be opposed to
the calculation of the largest Lyapunov exponent
of the simple limit cycle of k �4100 s�1, forch
example, which gives the expected zero value. Of
special interest in the analysis of chaos are the
transitions between limit cycles and chaotic be-
havior. In the present system, two different types
of such transitions occur.

3.3.1. Period doubling
The first type of transition to chaos is charac-

terized by the repetitive doubling of periods that
comes along with continuous variation of the
bifurcation parameter into the respective chaotic
region. An example of a period doubling cascade
is sketched in inset II of Fig. 3. Again, for the
folded limit cycles all main maxima are plotted.
Thus the number of lines�points for a given value
of k corresponds to the periodicity of the re-ch
spective limit cycle, or expresses the chaotic be-
havior.

3.3.2. Intermittency
The second type of transition to chaos found in

our system is known as an intermittency route. It is
best visualized with the help of return maps. An
appropriate return map is obtained by using a
one-dimensional projection of a Poincare section,´



( )T. Haberichter et al. � Biophysical Chemistry 90 2001 17�3026

which is transpassed exactly once during each
cycle. Fig. 6a shows such a return map for an
example of intermittent behavior. The values of
Ca at which the system trajectory crosses in am

Žgiven direction the chosen Poincare section here´
.Ca �0:15 �M are referred to as x . Recordingcyt n

the trajectory for very long times yields a set of
points that create segments of an almost continu-
ous curve, which might be imagined as the graph
of a function f : x �x �1. The zig�zag line de-n n
monstrates the trajectory of these points during a
limited time interval. The line passes through the
narrow gap between the imaginative function f

Ž .and the bisector line see Fig. 6b . Each single

point of the return map represents one cycle of
the system trajectory. During the passage of the
gap, the points on the return map remain almost
constant. Consequently, the system trajectory
maintains a very similar form for each cycle that
these points represent. After leaving the gap at its
lower left corner, the exact behavior is rather
unpredictable. The curve leaves the gap intermit-

Ž .tently, and the subsequent points x , x �1 onn n
the return map are rather distant from each other.

Ž .As soon as the points x , x �1 return to then n
upper right end of the gap the period of almost
constancy restarts. Fig. 6c shows the time depen-
dence of the subsequent x values over an ex-n

�1 Ž .Fig. 6. Intermittent behavior at k �2950 s . a Return map showing the values x of Ca at which the system trajectorych n m
crosses the Poincare section Ca �0:15 �M vs. their respective predecessors. Additionally, the bisector line and a trajectory of´ cyt

Ž . Ž . Ž . Ž .subsequent x are depicted. b Detail magnification of a . c Time course of x for an extended period of time. d Time coursen n
Ž .of Ca for the time interval highlighted in c .m



( )T. Haberichter et al. � Biophysical Chemistry 90 2001 17�30 27

tended period of time. The interval highlighted in
Ž .this figure 340 s� t�470 s corresponds to the

intermittent phase of which the time course of
Ca is plotted in Fig. 6d. The term intermittencym
route to chaos can be explained most easily as the
route out of chaos, i.e. when the bifurcation

Ž .parameter is changed from the intermittent
chaotic regime into the limit cycle regime. Then
the set of return points � and thus the imagina-
tive curve f � moves towards the bisector line,
which leads to longer periods of almost identical
cycles as the gap becomes more narrow. As the
curve f , which corresponds to an imaginative
discrete map, crosses the bisector line, one stable
and one unstable steady state emerge at the in-
tersection points with the bisector line. In our
case, the trajectory approaches the limit cycle,
which corresponds to one of the intersection
points of the imaginative function f with the
bisector line.

4. Discussion

In this paper, the bifurcation analysis of com-
plex Ca2� oscillations is carried out. We use the
model previously proposed for the study of the
physiological role of mitochondria and the cyto-
solic proteins in generating complex Ca2� oscilla-

� �tions 1 . The model reveals a novel mechanism
explaining complex oscillations of cytosolic cal-
cium concentration. Moreover, it offers a good
opportunity for a bifurcation analysis of complex
Ca2� oscillations because it explains a large num-
ber of different oscillatory modes, i.e. simple and
bursting oscillations. The latter appear as simple
or folded limit cycles and as chaotic attractors. In
certain regions of the parameter space
birhythmicity and trirhythmicity are observed. All
these different types of complex calcium oscilla-
tions show a temporal pattern, which is also

Ž � �.observed experimentally for review, see 4,5 .
Transients of cytosolic calcium obtained by the
model have a typical spike-like form and reason-
able frequencies and amplitudes. We emphasize
that the amplitudes of the main calcium spikes
remain nearly constant in the whole range of the
oscillatory regime. As explained in a previous

� �publication 13 , the constancy of amplitudes of
calcium oscillations is a consequence of the speci-
fic mitochondrial kinetics.

All different types of oscillatory behavior are
obtained by varying only one parameter k , whichch
characterizes the activity of the ER calcium chan-
nel. In terms of mathematical description, this
means that many oscillatory modes appear in a

Ž .single bifurcation diagram Fig. 3 . From a biolog-
ical point of view the quantity k is appropriatech
for being used as a bifurcation parameter for two
reasons. First, its value depends significantly on
external stimuli like hormones or neurotransmit-
ters. Therefore, k can vary over a large scale inch
nature, whilst the other properties of the system
Žin the mathematical model: the other parame-

.ters remain nearly unaffected. In addition, k isch
accessible through experimental investigation, ei-
ther by treatment of a cell with an appropriate
stimulus or by directly injecting the main agonist

Ž .of the channel, inositol 1,4,5-triphosphate InsP .3
The second advantage of k as bifurcationch
parameter lies in its role in other intra- and
intercellular signaling mechanisms. Theoretical

� �studies 15 suggest that, in some cases, the diffu-
sion of InsP either through the cytoplasma or3
through gap junctions might be a major factor of
calcium signaling. Thus, in the case of calcium
signaling, the response of calcium dynamics on
changes of InsP might be of elevated interest.3

Bifurcation analysis shows that bursting cal-
cium oscillations appear in various different
modes. Hence, we gave special attention to the
explanation of this type of oscillations in our
analysis. We found that during the active phase,
the model variable Ca declines monotonouslym
while the remaining ones oscillate. Similar to the

� �bifurcation analysis of Heinrich and Schuster 46 ,
we made use of the method of two-dimensional
reduction of the system, in which the ‘non-active’
variable is turned into a parameter. In the field of
complex calcium oscillations, this has been car-

� �ried out before for another model 33 . In com-
parison to this work, our study exhibits even more
complex forms of oscillations. Besides simple limit
cycles, odd- and even-folded limit cycles were also
found. Birhythmicity, previously reported only for

� �simple calcium spikes 40 , has also been found
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for bursting calcium oscillations. In addition, in
our work trirhythmicity also appears for bursting
calcium oscillations. The complexity of these co-
existing limit cycles is even more expressed by the
fact that they, in addition to the slight difference
in their forms are, in part, also differently folded.

The most complex type of calcium oscillations
found in our model is represented by chaotic
bursting. In the bifurcation analysis of the model
system, we studied transitions into chaotic

� �regimes. Similar to works of Borghans et al. 33
� �and Houart et al. 40 , we found the period

doubling cascade as a typical route to chaos. In
contrast to previous works, in our study the chaotic
oscillations also express typical spike-like forms
with reasonable amplitudes that remain nearly
constant all the time. The constancy of ampli-
tudes in the present model results from the speci-
fic role of mitochondria, which has been ex-
plained previously for simple calcium oscillations
� �13 . In addition to the period doubling cascade,
we also found the intermittency route to chaos.
Because, in all regions, the chaotic oscillations
are in close proximity to intermittency-type tran-
sitions, they display a well-defined mean fre-
quency. It should be emphasized that this well
expressed frequency of the chaotic oscillations
changes in dependence on the bifurcation
parameter, which is related to the concentration
of an extracellular agonist such as a hormone or a
neurotransmitter. Therefore, all types of Ca2�

oscillations resulting from our model, up to the
most complex chaotic bursting, exhibit the impor-
tant biological feature that the external signal is
encoded in terms of the temporal pattern of Ca2�

oscillations, the so-called frequency encoding cal-
� �cium signals 3,4 . To sum up, the temporal pat-

terns of all types of complex calcium oscillations,
i.e. their spike-like forms, constant amplitudes
and well defined frequencies, convincingly repro-

� �duce experimental observations 47,48 .
When analyzing biological models that show

chaotic behavior, it is suggestive to rise the ques-
tion what particular meaning or impact that
chaotic dynamics may have in living systems. Fur-
ther, it might be the subject of further investiga-
tion whether there is a significant physiological
difference between repetitive calcium spikes that

correspond to plain limit cycle oscillations, with
slight variations of amplitudes or frequencies re-
sulting from white noise caused by external
influences, and those corresponding to a mecha-
nism that leads to chaos through intrinsic mecha-
nisms. In another field of biology the significance
of such a difference has been proven recently.
The short-term variations of beat-to-beat inter-
vals of a group of healthy persons and those with

Ž .severe congestive heart failure CHF have been
� �studied by Poon and Merrill 49 . These authors

stated that these variations ‘exhibited strongly
and consistently chaotic in all healthy subjects,
but were frequently interrupted by periods of
seemingly non-chaotic fluctuations in patients
with CHF. Chaotic data, even if discernible, ex-
hibited a high degree of random variability over
time, suggesting a weaker form of chaos. These
findings suggest that cardiac chaos is prevalent in
healthy heart, and a decrease in such chaos may
be indicative for CHF.’

Further ideas about the physiological meaning
of chaos in calcium dynamics include the possibil-
ity that chaotic systems might show different cou-

Žpling properties U. Kummer, personal communi-
.cation . The trajectory of a chaotic attractor con-

tains a range of different frequencies rather than
a single one in the case of simple limit cycle.
Therefore, it might be assumed that such a sys-
tem is more easily adopted to external periodic
perturbation. However, our first attempts to de-
monstrate such behavior have failed so far. For
example, the coupling constant needed to syn-
chronize cells of different oscillation frequencies
could not be shown to depend on whether the
systems of the uncoupled cells are in a chaotic
regime. A concrete proof of this assumption is
impeded by the fact that it is difficult to charac-
terize two coupled chaotic cells as being synchro-
nized or not synchronized, because the calcium
spikes might occur simultaneously over a long
time, but separately at other times.
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